when the population density falls below a, no offspring are produced there (a strong Allee effect). If the population density falls below a everywhere, the population is 145 doomed to extinction. 146 Simulations (described in Materials and Methods) revealed this model generates 147 variable-speed invasions (Fig. 1c ), but only when the low-density Allee threshold is 148 of intermediate value and high-density overcompensation is strong (r > 2, Fig. 2a ). 149 For r > 2, the local equilibrium density n t (x) = 1 is unstable, leading to sustained 150 fluctuations in local density. Our simulations suggest r > 2 is a necessary condition for 151 fluctuating invasion speeds in the overcompensatory model. If the Allee threshold (a) 152 is too large, the spreading population eventually falls below the threshold everywhere 153 and is extirpated. If a is sufficiently small, the invasion proceeds with an apparently 154 constant speed ( Fig. 2a) . 155 These fluctuations are induced by the combination of a strong Allee effect, which 156 produces a pushed wave, and strong overcompensation, which produces large spa-dependence in dispersal is strong and positive (large α), the population directly ad-210 jacent to the front is below the Allee effect threshold (a) and therefore decays to zero 211 ( Fig. S3g-h) . Farther behind the front, density is above a, but below the dispersal 212 midpoint (n), thus this region of the population reproduces but does not disperse 213 ( Fig. S3h-i ). This action results in a large push from behind the wave front that 214 moves the invasion forward at the next time step when the non-dispersing popula-215 tion eventually disperses ( Fig. S3i-k) . Subsequently, the region of the non-dispersing 216 population is much smaller and farther from the invasion front at the next time step, 217 resulting in a much smaller push (Fig. S3k) . 218 With the distance model we explore a second type of density-dependent dispersal, 219 where density alters the dispersal distance. Here, all offspring disperse (p = 1), but 220 density alters the variance (σ 2 ) of the dispersal kernel (Eq. 6). Four parameters 221 control this dependence: σ 2 0 and σ 2 max , which are the lower and upper bounds of the 222 variance; the location parameter,n which is the density at which dispersal variance 223 is halfway between σ 2 0 and σ 2 max ; and a shape parameter β. The dispersal variance 224 9 increases with population density when β is positive, and decreases with density when β is negative. The larger the absolute value of β, the sharper the response (Fig S1d) .
226
The distance model also produces the necessary spatiotemporal variability in 227 population density behind the invasion front to induce fluctuating invasion speeds 228 ( Fig. 1e ,f, S7). As in the propensity model, the invasion speed only fluctuates when 229 Allee effects are strong (0 ≤ λ ≤ 1). However, unlike the propensity model, we find Our work provides novel insight into mechanisms behind invasion variability: fluc-247 tuations in invasion speed can occur solely due to endogenous density dependence.
248
In the models we examine, both a strong low-density Allee effect (creating a pushed 249 wave (9; 28)), and large variations in population density behind the invasion front 250 10 are necessary to create fluctuating invasion speeds. We demonstrate that the neces-251 sary spatiotemporal variability can be generated via two types of density feedbacks: 252 overcompensatory density dependence, or density-dependent dispersal. When com-253 bined with Allee effects, either of these factors can cause the strength of the invasion 254 push from high density populations to vary, leading to varying spreading speeds.
255
The potential for deterministic, density-dependent processes to generate complex conjecture that there is some generality to this mechanism as we also see fluctuating 262 speeds in continuous time (SI Appendix, Fig. S4 
Materials and Methods

316
The models we studied are each a special case of equation (1). They all use the 317 Laplace dispersal kernel with variance σ 2 :
Qualitative results are robust to kernel choice (i.e. Normal, Cauchy).
319
Overcompensatory Model
320
We combine low-density Allee effects with the possibility of overcompensation at high 321 density ( Fig. S1a ):
Dispersal is independent of density in this model (σ 2 (n) = σ 2 , a constant) and all 323 offspring disperse (p = 1).
324
Propensity Model
325
Here, we used a linear-constant model for growth
where 0 ≤ a < 1 ( Fig. S1b ). Dispersal propensity depends upon the population 327 density (n t (x)) via a logistic form similar to other models with density-dependent
As in the overcompensatory model, the distance moved by dispersing individuals is 330 independent of density (σ 2 (n) = σ 2 , a constant).
331
Distance Model
332
For this model, we use the reproduction function (4), but assume all offspring disperse 333 (p = 1) following a dispersal distribution whose variance is a logistic function of 334 parental density (n t (x)) ( Fig. S1d ). I.e., With compensatory growth at high densities (a), the wave shape and invasion speed are both constant. This is true with and without low-density Allee effects (overcompensatory model: σ 2 = 0.25, a = 0, and r = 0.9; Fig. S1a ). With overcompensatory population growth and no Allee effect (b), population density exhibits fluctuations behind the front yet the leading edge progresses at a constant speed (overcompensatory model: σ 2 = 0.25, a = 0, and r = 2.7; Fig. S1a ). However, when overcompenstion combines with low-density Allee effects (c), the invasion speed fluctuates (overcompensatory model: σ 2 = 0.25, a = 0.4, and r = 2.7; Fig. S1a ). Variability in invasion speed can also occur when Allee effects combine with densitydependence in the proportion of dispersing offspring (d) (propensity model: a = 0.2, λ = 0,n = 0.9, p 0 = 0.05, p max = 1, α = 50), or in dispersal distance (e,f). In the latter model, dispersal distance decreases with population density (e) (distance model: a = 0.2, λ = 0,n = 0.9, β = −50, σ 2 0 = 0.05, σ 2 max = 1), or increases with density (f) (distance model: parameters as in (e) except β = 50). Initial population densities are either 2 (a-c) or 0.8 (d-f) times the standard normal probability density truncated at |x| = 5. ; a = 0.2,n = 0.9 (b-c); p 0 = 0.05, p max = 1 (b); σ 2 0 = 0.05, σ 2 max = 1 (c); Initial population densities are equivalent to those in Fig. 1 
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SI Table   503 504 505 Figure S1 : Reproduction and dispersal functions used in the overcompensatory, propensity, and distance models (described in Materials and Methods). (a) The reproductive rate f(n) as given by Eq. 3 where r = 0.9 and a = 0 (same parameterization as Eq. 3 for Fig 1a, black) , r = 2.7 and a = 0 (same parameterization as Eq. 3 for Fig 1b, dark gray solid) , r = 2.7 and a = 0.4 (same parameterization as Eq. 3 for Fig 1c, light gray dashed) . (b) The reproductive rate f(n) as given by Eq. 4 when a = 0.5 and λ = 0 (light gray), λ = 1.5 (dark gray), λ = 2 (black). Parameterization here is close to that of Fig 1d-f , except a is smaller here to more clearly visually demonstrate the differences between strong, weak and no Allee effects.
(c) The propensity to disperse when altered by density dependence as given by Eq. Figure S3 : Four examples of fluctuations in invasion speed. The top five rows show the population density before (n(x)) and after (f (n(x))) growth at sequential time steps, showing individuals that will not reproduce (light gray; n < a), those that do not disperse far (dark gray; n >n or n <n), and the edge of the wave (solid point). The bottom row shows the wave position and speed over time. Parameter values and initial densities are the same as Fig. 2 except: (a-f) r = 2.2, a = 0.4, (g-l)n = 0.6, Figure S4 : Simulation of model (Eq. 2 from SI Appendix), with a 1 = 20, a 2 = 2, a 3 = 10, µ = 10, τ = 5, and D = 0.1. For these parameters the undelayed ordinary differential equation (Eq. 2 from SI Appendix with D = 0 and τ = 0) exhibits a strong Allee effect, evident by comparing the mortality rate (dashed blue line) to the reproduction rate (solid red curve) in panel (b) (note the logarithmic scale). With delays, the model without movement (Eq. 2 from SI Appendix with D = 0) exhibits sharp generational cycles (a). The simulation of the partial functional differential equation (Eq. 2 from SI Appendix; initialized with n = 2 for |x − 15| ≤ 0.5 and 0 ≤ t ≤ τ , and n = 0 otherwise) exhibits complex dynamics behind the invading fronts (c). These oscillations push the wave forward with a variable speed (d,e). Figure S5 : Simulation of model (Eq. 2 from SI Appendix), with a 1 = 20, a 2 = 2, a 3 = 10, µ = 0.05, τ = 1, and D = 0.1. For these parameters the undelayed ordinary differential equation (Eq. 2 from SI Appendix with D = 0 and τ = 0) exhibits a strong Allee effect, evident by comparing the mortality rate (dashed blue line) to the reproduction rate (solid red curve) in panel (b) (note the logarithmic scale). With delays, the model without movement (Eq. 2 from SI Appendix with D = 0) exhibits decay to a stable equilibrium (a). The simulation of the partial functional differential equation (Eq. 2 from SI Appendix; initialized with n = 2 for |x − 15| ≤ 0.5 and 0 ≤ t ≤ τ , and n = 0 otherwise) exhibits simple dynamics behind the invading fronts (c). High population densities behind the wave front push the invasion forward with a constant speed (d,e). Figure S6 : Simulation of model (Eq. 2 from SI Appendix) with a 1 = 0.5, a 2 = 2, a 3 = 1, µ = 0.02, τ = 45, and D = 0.05. For these parameters the undelayed ordinary differential equation (Eq. 2 from SI Appendix with D = 0 and τ = 0) does not exhibit any Allee effect, evident by comparing the mortality rate (dashed blue line) to the reproduction rate (solid red curve) in panel (b) (note the arithmetic scale). With delays, the model without movement (Eq. 2 from SI Appendix with D = 0) produces oscillations in population density (a). The simulation of the partial functional differential equation (Eq. 2 from SI Appendix; initialized with n = 0.5 for |x − 25| ≤ 0.5 and 0 ≤ t ≤ τ , and n = 0 otherwise) exhibits oscillatory dynamics behind the invading fronts (c); however, the wave is "pulled" by growth at low densities, so a constant invasion speed is achieved despite the fluctuations at high densities (d,e). , and the distance model -when density dependence alters dispersal distance (d-f). Here, we also show a range of dispersal thresholds (n) relative to Allee effect threshold used for these models in the text (a = 0.2), includinĝ n = 0.1 < a (blue circles),n = 0.7 > a (red circles), andn = 0.9 >> a (gray circles). All other parameters are the same as Fig. 2 . Fluctuations in invasion speed only occur when Allee effects are strong, when the dispersal threshold is high, and when α > 0 (propensity model (a-c)) or across a range of positive and negative β s (distance model (d-f)). Figure S8 : The periodicity of the invasion speed through time for the propensity model (Allee effects and density-dependent dispersal propensity; a-d) and distance model (Allee effects and density-dependent dispersal distance; e-h). In panels a-c and e-g, the wave position is plotted at time t vs time t + 1. In panels d and h, the range of invasion speeds represents the amplitude of fluctuations. For each parameter value, the invasion speed for the previous 100 time steps are plotted. When points appear as hollow points, the same invasion speed is being plotted over itself many times. For the propensity Model, when fluctuating, the wave speed is nearly always periodic across values of the Allee effect threshold a. At small values of α the invasion speed is constant (a), at small positive α the invasion speed fluctuates in a quasi-periodic fashion (b), and most positive α values, for example α = 100 (c), the wave speed is periodic. Here,n = 0.9, λ = 0, σ 2 = 0.25, p 0 = 0.05, p max = 1, and a = 0.2. For the distance model, we demonstrate that the invasion speed appears to be more chaotic for some negative values of the density-dependent dispersal threshold (β) (e), is constant for some values of β (f), and has a quasi-periodic attractor for some positive values of β (g). Here,n = 0.9, λ = 0, σ 2 0 = 0.05, σ 2 max = 1, and a = 0.2. 509   510   511 Here we construct a continuous-time model that we conjecture produces variable-512 speed invasions. We begin with a modification of a delay-differential equation model 513 used by Gurney et al.
SI Appendix
(1) to study the dynamics of "Nicholson's blowflies:" 514 dn dt = −µn + a 1 n(t − τ ) e −a 2 n(t−τ ) .
In this model, n is the population size of mature animals, and τ is the maturation 515 time. The change in the adult population size is due to constant per captia mortality 516 (at rate µ) and recruitment of juveniles, born τ time units ago, into the adult class.
517
The per captia birth rate at low density (a 1 ) is reduced (exponentially at the rate a 2 ) 518 at larger population densities. This model produces large swings in adult population 519 size when the maturation time is sufficiently large (1).
520
We modify the model (7) to include the potential for a strong Allee effect (when 521 the parameter a 3 > 1) and to include the random movement of adults via diffusion: 522 ∂n ∂t = −µn(x, t) + a 1 [n(x, t − τ )] a 3 e −a 2 n(x,t−τ ) + D ∂ 2 n(x, t) ∂x 2 .
Immature individuals are assumed to be sedentary.
523
The special case of model (8) 
